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Abstract Berberan-Santos relates one probability distribution to another wherein
one distribution is expressed in terms of the derivatives of the other Berberan-Santos
(J Math Chem 42:585, 2007). We derive the result in a straightforward manner based
on a generalization of the Edgeworth/Gram Charlier.
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In [1] Berberan-Santos obtained an interesting result where a probability distribution
is expanded in terms of the derivatives of another distribution and where the coeffi-
cients of the expansion involves the cumulants. The aim of this paper is to show that
his result can be obtained in a simple and direct manner using the generalization of
the Edgeworth/Gram-Charlier series that the author has previously given [2–4]. We
first describe a general approach relating probability distributions and then specialize
to the case considered by Berberan-Santos. Any two probability distributions P1(x)

and P2(x), may be related by [2–4]

P2(x) = �(A)P1(x) (1)

where A is any hermitian operator [5] and � is a function of the operator A. Of
particular interest here is where

A = i D (2)

and where D is the differentiation operator

Work supported by the Office of Naval Research.

L. Cohen (B)
City University of New York, 695 Park Avenue, New York, NY 10065, USA
e-mail: leon.cohen@hunter.cuny.edu

123



626 J Math Chem (2011) 49:625–628

D = d

dx
(3)

For this case

P2(x) = �(i D)P1(x) (4)

and

�(θ) = M2(θ)

M1(θ)
(5)

where M1(θ) and M1(θ) are the characteristic functions of the respective distributions,

M1(θ) =
∫

eiθx P1(x) dx (6)

M2(θ) =
∫

eiθx P2(x) dx (7)

The proof of Eq. (4)–(5) is given in references [2–4] where it was shown that express-
ing the characteristic functions in different forms and taking P1 to be the normal
distribution results in the classical Edgeworth series and Gram-Charlier series [2,6].
To obtain the result of Berberan-Santos we express the characteristic function in terms
of its cumulants, κn

M(θ) = exp

[ ∞∑
n=1

κn
in

n!θ
n

]
(8)

Therefore, using Eq. (4)–(5), we have

�(i D) = M2(i D)

M1(i D)
= exp

[ ∞∑
n=1

(
κ(2)

n − κ(1)
n

) (−1)n

n! Dn

]
(9)

and

P2(x) = exp

[ ∞∑
n=1

(
κ(2)

n − κ(1)
n

) (−1)n

n! Dn

]
P1(x) (10)

In Eq. (9) κ
(1)
n and κ

(2)
n are the respective cumulants of P1 and P2. This is a general

expression relating any two distributions and its cumulants which has previously been
derived [2].

To obtain the explicit result of [1] we consider expressing

f (z) = exp

[ ∞∑
n=1

δn
(−1)n

n! zn

]
(11)
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in a power series,

f (z) =
∞∑

n=0

f (n)(0)

n! zn (12)

where f (n) is the nth derivative of the function and where we define δn as in [1]

δn = κ(2)
n − κ(1)

n (13)

To obtain f (n)(0) we start with the somewhat more general form

f (z) = eg(z) (14)

Differentiating Eq. (14) we have

f (1) = g(1) f (15)

and using Leibniz’s rule we have

f (n+1)(z) =
n∑

k=0

(
n

k

)
g(n+1−k)(z) f (k)(z) (16)

In our case

g(z) =
∞∑

n=1

δn
(−1)n

n! zn (17)

and hence

g(n)(0) = (−1)
n
δn (18)

Substituting this into Eq. (16) we have that

f (n+1)(0) =
n∑

k=0

(
n

k

)
(−1)

(n+1−k)

δn+1−k f (k)(0) (19)

This is a recurrence relation that generates f (n)(0). Letting z = D, Eq. (10) becomes

P2(x) =
∞∑

n=0

f (n)(0)

n! Dn P1(x) (20)

This is the result of [1] except for notation. To use the notation of [1] one defines

αn = (−1)n f (n)(0) (21)
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Then

αn+1 =
n∑

k=0

(
n

k

)
δn+1−kαk = δn+1 + δ1αn +

n−1∑
k=1

(
n

k

)
δn+1−kαk (22)

and

P2(x) =
∞∑

n=0

(−1)nαn

n! P(n)
1 (23)

The explicit values for the αn’s as given in [1] are readily generated using Eq. (22)
with α0 = 1. In particular, the first few αn’s are α1 = δ1, α2 = δ2

1 + δ2, and α3 =
δ3

1 + 3δ1δ2 + δ3.We also point out that Eq. (23) can be generalized in that for any
Hermitian operator, A, one has

P2(x) =
∞∑

n=0

βnAn P1(x) (24)

Methods to obtain the coefficients βn will be developed in another paper.
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